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Abstract 

In this paper we consider a completely positive map r = (rt, t > 0) with a faith- 
ful normal invariant state on a type-Ui factor .Ao an d propose an index theory. 
We achieve this via a more general Kolmogorov's type of construction for station- 
ary Markov processes which naturally associate a nested isomorphic von-Neumann 
algebras. In particular this construction generalizes well known Jones construction 
associated with a sub-factor of type-IIi factor. 
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1 Introduction: 



Let r = (rt , i > 0) be a semigroup of identity preserving completely positive normal 
maps [Da,BR] on a von-Neumann algebra Aq acting on a separable Hilbert space 
7Yo, where either the parameter t &R+, the set of positive real numbers orZ + , the 
set of positive integers. In case t <G R+, i.e. continuous, we assume that for each 
x G Ao the map t — ► Tt(x) is continuous in the weak* topology. Thus variable t G iT + 
where iT is either M or IV. We assume further that (r^) admits a normal invariant 
state cpo, i.e. (fort = </>oVt > 0. 

As a first step following well known Kolmogorov's construction of stationary 
Markov processes, we employ GNS method to construct a Hilbert space 7i and an 
increasing tower of isomorphic von-Neumann type— II factors {A\t '■ t & R or Z} 
generated by the weak Markov process (H,jt,Fq,t G R or Z, £1) [BP,AM] where 
jt ■ Ao — > ^4[ t is an injective homomorphism from Ao into *4[ so that the projection 
Ft] = 3t(I) is t ne cyclic space of O, generated by {j s (x) : -co < s < t, x G ^lo}- 
The tower of increasing isomorphic von-Neumann algebras {A[ t , t G i? or Z} are 
indeed a type-IIoo factor if and only if r is not an endomorphism. In any case the 
projection jo(I) is a finite projection in A\-t for all t < 0. In particular we also find 
an increasing tower of type-IIi factors {Ait ■ t > 0} defined by A4t = jo(/)^l[_fjo(^)- 
Thus Jones in-dices {[Ait '■ Ai s ] : < s <t} are invariance for the Markov semigroup 
(Ao,r t ,t > 0,4>q) and further the map (t,s) — > [A4 t : A^s] is not continuous if the 
variable (£, s) are continuous i.e. if r = (r t : t G In discrete time dynamical 

system we find an invariance sequence {[A4 n +i : M n ] : n > 0} canonically associated 
with the canonical conditional expectation on a sub-factor Bo of a type-IIi factor Ao 
where 4>o is the unique normal trace on Aq. However unlike Jones construction we 
have LMn+i : Ai n ] = d 2 where d = [Ao - Bo]. This shows that our construction in 
a sense generalizes two step Jones construction in discrete time. A detailed study, 
needs to be done to explore this new invariance, which seems to be an interesting 
problem! 
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2 Stationary Markov Processes and Markov shift: 

A family (r t , t > 0) of one parameter completely positive maps on a C* algebra or 
a von-Neumann sub-algebra Ao is called a quantum dynamical semigroup if 

t = I, T s O Tt = r s+t , s,t>0 

Moreover if Tt{I) = I, t > it is called a Markov semigroup. We say a state 4>o 
on Ao is invariant for (r t ) if (f>o(rt(x)) = <j>o(x) Vt > 0. We fix a Markov semigroup 
(Ao,Tt,t > 0) and also a (rt)— invariant state 4>q. 

In the following we briefly recall [AM] the basic construction of the minimal 
forward weak Markov processes associated with (Aq, r t , t > 0, 4>o). The construction 
goes along the line of Kolmogorov's construction of stationary Markov processes or 
Markov shift with a modification [Sa,BP] which takes care of the fact that Ao need 
not be a commutative algebra. Here we review the construction given in [AM] in 
order to fix the notations and important properties. 

We consider the class Ai of Ao valued functions x : iT — > Ao so that x r ^ I for 
finitely many points and equip with the point-wise multiplication (xy) r = x r y r . We 
define the map L : (M, M) — > JJ by 

L(x,y) = 0o« n r rn _ 1 _ rn « n _ 1 ( x* r2 T ri - r2 {x* Tl y ri )y r2 )...y rn _ 1 )y rn ) (2.1) 

where r = (n,^, ■■ r n) r i < r 2 < •• < f n is the collection of points in W when either 
x or y are not equal to /. That this kernel is well defined follows from our hypothesis 



4 



that Tt(I) = I, t > and the invariance of the state <p$ for (rj). The complete 
positiveness of (r t ) implies that the map L is a non-negative definite form on M.. 
Thus there exists a Hilbert space H and a map A : M — ► H such that 

< A(x),A(y) >= L(x,y). 

Often we will omit the symbol A to simplify our notations unless more then one such 
maps are involved. 

We use the symbol $7 for the unique element in TL associated with x = (x r = 
I, r G M) and (f> for the associated vector state <f> on B(7i) defined by 4>(X) =< 

n,xn >. 

For each t G M we define shift operator St : H — > H by the following prescription: 

(S't^)r = av+t (2.2) 

It is simple to note that S = ((St, t € M)) is a unitary group of operators on W with 
0, as an invariant element. 

For any t £ M we set 

M t ] = {x£ M, x r = I Vr > t} 

and F t ] for the projection onto H t ], the closed linear span of {X(M t ])}- For any 
x E .4o and t G iT we also set elements it(x), E .M defined by 



it(x) r 



x, if r = £ 
I, otherwise 



So the map V + : Ho — > defined by 

F+x = io(x) 

is an isometry of the GNS space {x :< x,y >^ = <Po( x *y)} m to W and a simple 
computation shows that < y, V+StV + x > ( f >0 =< y,Tt(x) ><f> - Hence 

if = v^v+, i > o 
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where P®x = Tt(x) is a contractive semigroup of operators on the GNS space asso- 
ciated with (f)Q. 

We also note that it(x) G M t ] and set *-homomorphisms jg : Aq — > B(H ]) 
defined by 

jo(x)y = i (x)y 

for all y G A^ol- That it is well defined follows from (2.1) once we verify that it 
preserves the inner product whenever x is an isometry. For any arbitrary element 
we extend by linearity. Now we define j£ : A -> B(H) by 

jf(x)=j°(x)F 0] . (2.3) 

Thus j'o (x) is a realization of Aq at time i = with j£ (I) = F ] . Now we use the 
shift (St) to obtain the process jf = (j{ : Aq — > B(H), t G -ff?) and forward filtration 
F = (F t j , t € M) defined by the following prescription: 

j{(x) = Stj£(x)s; F t] = StF 0] s;, tern. (2.4) 

So it follows by our construction that jf 1 (y 1 )jf 2 (y 2 )...jf n (y n )^ = y where y r = y n , 
if r = rj otherwise /, (ri < r 2 < .. < r n ). Thus is a cyclic vector for the 
von-Neumann algebra A generated by {jf(x), r G M,x G »4o}- 

From (2.4) we also conclude that StXSt G .4 whenever lei and thus we can 
set a family of automorphism (at) on A defined by 

a t (x) = s t xs; 

Since Q is an invariant element for (St), 4> is an invariant state for (at). Now our 
aim is to show that the reversible system (A, at, 4>) satisfies (1.1) with jo as defined 
in (2.4), for a suitable choice of JE Q y To that end, for any element x G M, we verify 
by the relation < y, F t ]X =< y,x> for all y G M t ] that 



(F t] x) r 



= < 



x r , if r < t; 

T rk-t(--- T r n - 1 -r n -2( T r n -r n - 1 ( x r n ) x r n -i)--- x t)7 if r = ^ 

/, ifr>t 



6 



where T\ < .. < r& < t < .. < r n is the support of x. We also claim that 

F s] j{(x)F s] = j f s (rt-s(x)) Vs < t. (2.5) 

For that purpose we choose any two elements y, y' G X(M S ]) and check the following 
steps with the aid of (2.2): 

< V, F s] j{(x)F s] y[ >=< y, i t (x)y[ > 

=< y,i s {T t - s (x))y[) > . 
Since A(M s j) spans H s ] it complete the proof of our claim. 

We also verify that < z, V+j{ (x)V + y ></,„ = 4>${z* : Tt(x)y) , hence 

VZj{(x)V + = T t (x),Vt>0. (2.6) 

For any fix t G IT let A[ t be the von-Neumann algebra generated by the family of 
operators {j s {x) : t < s < oo, x G „4o}- We recall that j s+t (x) = Stj s (x)St, t,s ER 
and thus at{A^) C A[o whenever t > 0. Hence (at, t> 0) is a Eo-semigroup on _4.[ 
with a invariant normal state and 

j s {rt-s{x)) = F s] a t (j t _ s (x))F s] (2.7) 

for all x G Ao. We consider the GNS Hilbert space (7-^ 7r ^ o , 7r^ (^4.o) 5 ^o) associ- 
ated with (Ao,4>o) and define a Markov semigroup (t[) on 7r(.4o) by t[(-it(x)) = 
7r(rt(x). Furthermore we now identify TC^ as the subspace of TC by the prescription 
7r^ (x)u;o — ► jo(x)Q. In such a case tt(x) is identified as jo(x) and aim to verify for 
any t > that 

t?(PXP) = Pa t (X)P (2.8) 

for all X G -4[o where P is the projection from [»4[o^] onto the GNS space [jg (-4o)^] 
which identified with the GNS space associated with (.4,0) 4>o)- It is enough if we verify 
for typical elements X = j sl (xi)...j Sn (x n ) for any s±, S2, s n > and Xi G Ao for 
1 < i < n and n > 1. We use induction on n > 1. If X = j s (x) for some s > 0, 
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(2.8) follows from (2.5). Now we assume that (2.8) is true for any element of the 
form j Sl (xi)...j Sn (x n ) for any si, S2, s n > and X{ G Aq for 1 < i < n. Fix 
any s 1 ,s 2 , ,s n ,s n+1 > and consider X = j Sl (x 1 )...j Sn+1 (x n+1 ). Thus Pa t {X)P = 
h(l)js 1 +t{xi)-j Sn+t {x n+1 )jo(l). If s n+1 > s n , we use (2.5) to conclude (2.8) by our 
induction hypothesis. Now suppose s n+ i < s n . In such a case if s„_i < s n we appeal 
once more to (2.5) and induction hypothesis to verify (2.8) for X. Thus we are left 
to consider the case where s n+ i < s n < s n -\ and by repeating this argument we are 
left to check only the case where s n +i < s n < s n -i < .. < s±. But s\ > = so thus 
we can appeal to (2.5) at the end of the string and conclude that our claim is true for 
any typical element X and hence true for all elements in the *— algebra generated 
by these elements of all order. Thus the result follows by von-Neumann density 
theorem. We also note that P is a sub-harmonic projection [Mol] for (a t : t > 0) 
i.e. a t {P) > P for all t > and a t {P) | [A [0 Q] as t | oo. 

THEOREM 2.1: Let (Aq, n, 4>q) be a Markov semigroup and (fro be (r^-invariant 
state on a C* algebra „4o- Then the GNS space [7r(„4o)^] associated with 4>q can be 
realized as a closed subspace of a unique Hilbert space 7Y[ up to isomorphism so 
that the following hold: 

(a) There exists a von-Neumann algebra A^ acting on H\q and a unital *- 
endomorphism (at, t > 0) on A[q with a vector state 4>(X) =< Q,XQ, >, £ 7Y[ 
invariant for (a t : t > 0). 

(b) PA\f)P is isomorphic with it(Aq)" where P is the projection from [^4[o^] onto 

(c) Pa t {X)P = t?(PXP) for all t > and X G A [0 ; 

(d) The closed span generated by the vectors {ott n (PX n P)....a tl (PXiP)Q : < t\ < 
h < ■■ < tk < ■■■■t n ,X 1 , ..,X n e A[ ,n > 1} is H[ . 

PROOF: The uniqueness up to isomorphism follows from the minimality property 
(d). ■ 

Following the literature [Vi,Sa,BhP,Bh] on dilation we say (»4[o, at, 4>) is the min- 
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imal Eosemigroup associated with (Ao, Tt, 4>o)- We have studied extensively asymp- 
totic behavior of the dynamics (Ao, Tt, (fro) m [AM] and Kolmogorov's property of 
the Markov semigroup introduced in [Mol] was explored to asymptotic behavior of 
the dynamics (A[o, at, 4>). In particular this yields a criteria for the inductive limit 
state canonically associated with (A\p,at,(t>) to be pure. The notion is intimately 
connected with the notion of a pure £t)-semigroup introduced in [Po,Ar]. For more 
details we refer to [Mo2]. 

3 Dual Markov semigroup and Time Reverse Markov 
processes: 

Now we are more specific and assume that Aq is a von-Neumann algebra and each 
Markov map {jtj is normal and for each x € Ao the map t — > Tt(x) is continuous in 
the weak* topology. We assume further that 4>o is also faithful. Following [AM2], 
in the following we briefly recall the time reverse process associated with the KMS- 
adjoint ( or Petz-adjoint ) quantum dynamical semigroup (A,ft,4>o)- 

Let 4>o be a faithful state and without loss of generality let also (.4,0; <^o) be 
in the standard form (Ao, J, V, coo) [BR] where u>o € Tto, a cyclic and separating 
vector for Ao, so that (f>o(x) =< u>o,xu>o > and the closer of the close-able operator 
So : xloo — > x*ujq,S possesses a polar decomposition S = J A 1 / 2 with the self-dual 
positive cone V as the closure of {JxJxuiq : x € ^,0} m rio- Tomita's [BR] theorem 
says that A lt AoA~ ti: = Ao, t € M and JAqJ = A'q, where A' Q is the commutant of 
Ao- We define the modular automorphism group a = (at, t G M) on Ao by 

a t (x) = A^xA"**. 

Furthermore for any normal state ip on Ao there exists a unique vector £ G V 
so that ip(x) =< (,x( >. Note that Jn(x)Jir(y)n = Jn(x)A^ir(y*)n = 
J A^ A-^ir(x)A^ir(y*)n = Tr(y)A^Tr(x*)A'^n. Thus the Tomita's map x -> 
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Jt;(x)J is an anti- linear *-homomorphism representation of .Ao- This observation 
leads to a notion called backward weak Markov processes [AM]. 

To that end we consider the unique Markov semigroup (r/) on the commutant 
A'q of Ao so that 4>(Tt(x)y) = 4>(xT' t (y)) for all x£io an d y £ A' . We define weak* 
continuous Markov semigroup (f t ) on Aq by f t (x) = Jt[(JxJ)J. Thus we have the 
following adjoint relation 

M a i/2(x)n(y)) = Mn(x)a_ 1/2 ( y )) (3.1) 

for all x,y € Ao, analytic elements for (at). One can as well describe the adjoint 
semigroup as Hilbert space adjoint of a one parameter contractive semigroup (Pt) 
on a Hilbert space defined by P t : A 1 / 4 xu>o = A 1 / 4 rt(x)o;o. For more details we refer 
to [Ci]. 

We also note that it(x) £ M[ t and set * anti-homomorphisms jg : Ao — > ^(W[ ) 
defined by 

Jo^y = y*o(^_i(a:*)) 
— — 2 

for all y e ,M[o- That it is well defined follows from (2.1) once we verify by KMS 
relation that it preserves the inner product whenever x is an isometry. For any 
arbitrary element we extend by linearity. Now we define A—> B(H) by 

j b o(x) = j b o(x)F [0 . (3.2) 

Thus jo(x) is a realization of Aq at time t = with jo(I) = F[ . Now we use the 
shift (S t ) to obtain the process j b = : Aq — > B(H), t € M) and forward filtration 
F = (F[ t , t £ M) defined by the following prescription: 

j b t (x) = S t j b (x)S; F [t = S t F [0 S* t , teM. (3.3) 

A simple computation shows for— oo < s < t < oo that 

F [t j h s (x)F [t = j h t (t t - s {x)) (3.4) 
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for all x G Aq. It also follows by our construction that j b 1 (y\)j b 2 (y2) ■■■jr n (yn)^ = 
C-iiy) where y r = y Ti , if r = r; L otherwise I, [r\ > T2 > •• > r n ). Thus f2 is a cyclic 
vector for the von-Neumann algebra A b generated by {j b (x), r e M,x G Aq}"- We 
also von-Neumann algebra A^ generated by {j b (x), r < t, x G Ao}". The following 
theorems say that there is a duality between the forward and backward weak Markov 
processes. 

THEOREM 3.1: [AM] We consider the weak Markov 

processes (A,H, F t ], St, j{ , j b t E M, Q) associated with (Ao,n, t > 0, 0o) 
and the weak Markov processes (A, H, F t j, F^ t , S t , j( , j b , t G M, Cl) associated with 
(Ao,ft, t > 0, 0o). There exists an unique anti-unitary operator Uq : 7i — > W so 
that 

(a) i7 n = ^; 

(b) E/ S t £/o = S- t for all i G M; 

(c) U j{(x)UZ = j b _ t (x), U J b (x)U = jl t (x) for all t G 2R; 

(d) [/ F t] *7 * = F { _ t , U F [t UZ = F_ t] for all t G 2R; 

THEOREM 3.2: Let (A), r t , (p ) be as in Theorem 3.1 with 4> as faithful. Then 
the commutant of A[t is A^ for each t G JR. 

PROOF: It is obvious that A[q is a subset of the commutant of Aqi. Note also 
that -F[q is an element in A^ which commutes with all the elements in A[q. As a 
first step note that it is good enough if we show that F[ (-4q])' F[ = F[ A[oF[o- As 
for some X G (A b 0] )' and Y G A [0 if we have XF [0 = F [0 XF [0 = F [0 YF [0 = YF [0 then 
we verify that XZf = YZf where / is any vector so that F[ / = / and Z G A^ 
and thus as such vectors are total in H we get X = Y ). Thus all that we need to 
show that F[ (^,Qj) / F[ C F[ Q A[oF[ as inclusion in other direction is obvious. We will 
explore in following the relation that i*b]-^jo = -^jo-^b] = -^{0} i- e - the projection on 
the fiber at repeatedly. A simple proof follows once we use explicit formulas for 
F Q j and F[ given in [Mol]. 
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Now we aim to prove that F^A'^F^ C F^qAq^F^ . Let X G F[ ^4[ -F[o and verify 
that XQ = XF 0] Q = F 0] XF 0] n = F {0} XF {0} n G \j%(Ao)"Sl]. On the other-hand 
we note by Markov property of the backward process (j b ) that F^A^F^ = j b (Ao)". 
Thus there exists an element Y G *4qj so that = YQ. Hence XZQ, = YZU 
for all Z G A[o as Z commutes with both X and Y. Since {Zf2 : Z G -4[ } spans 
F[ , we get the required inclusion. Since inclusion in the other direction is trivial as 
F[ G *4' we conclude that F[ A'^F[ = F[ A b ^F[ . 

F[ being a projection in ^ we verify that F[ (A^ )'F[ C (F^-A^F^)' and so 
we also have F[ (.4.^ )'F[ C (F^qA'^F^,)' as ^ C .4j . Thus it is enough if we prove 
that 

F [0 A[ F [0 = (F [0 A [0 F [0 )' 

We will verify the non-trivial inclusion for the above equality. Let X G (Fp.ApFp)' 
then XVL = XF 0] Q = F 0] XF 0] n = F {0} XF {0} n G [j%(A )ti\. Hence there exists 
an element Y G F[ .4j F[ so that XQ, = YU. Thus for any Z G A[o we have 
XZn = YZn and thus XF [0 = YF [0 . Hence X = Y G F [0 ^4| F [0 . Thus we get the 
required inclusion. 

Now for any value of t G M we recall that at(^4[ ) = »4[t and cxt(A[o)' = at(A^ Q ), 
at being an automorphism. This completes the proof as a t (A b ^) = by our 
construction. ■ 



4 Subfactors: 



In this section we will investigate further the sequence of von-Neumann algebra 
{A\t : t G M} defined in the last section with an additional assumption that 4>o 
is also faithful and thus we also have in our hand backward von-Neumann algebras 
{A\: t G M}. 

PROPOSITION 4.1: Let (A ,T t ,(p ) be a Markov semigroup with a faithful 
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normal invariant state 4>q. If Aq is a factor then A[q is a factor. In such a case the 
following also hold: 

(a) ,4o is type-I (type-II, type-Ill) if and only if _4[ is type-I (type -II , type-Ill) 
respectively; 

(b) H is separable if and only if Ho is separable; 

(c) If Hq is separable then ^lo is hyper-finite if and only if A[ is hyper-finite. 

PROOF: We first show factor property of A[q. Note that the von-Neumann algebra 
A b ^ generated by the backward process {j b s {x) : s < 0,x <G -4o} is a sub-algebra 
of _4j , the commutant of _4[ . We fix any X G „4[ n*4jo m ^ ne center. Then for 
any y G Ao we verify that Xjo{y)£l = XF ]j (y)tt = F ]XF ]jo(y)n = jo(xy)tt 
for some x G ,4o- Since Xjo(y) = jo(y)X we also have jo(xy)£l = jo(yx)Q. By 
faithfulness of the state (fro we conclude xy = yx thus x must be a scaler. Thus we 
have Xjo(y)ft = cjo(y)f2 for some scaler c E C Now we use the property that X 
commutes with forward process jt(x) : x € -4o>* > and as well as the backward 
processes t < 0} to conclude that X\(t,x) = c\(t,x). Hence X = c. Thus 

A[o is a factor. 

Now if .4,0 is a type-I factor, then there exists a non-zero minimal projection 
p £ Ao- In such a case we claim that jo(p) is also a minimal projection in ^4[ . To 
that end let X be any projection in _4[ so that X < jo(p). Since F ]A[oFo] = jo(Ao) 
we conclude that F ]XF ] = jo{x) for some x G „4o- Hence X = jo(p)Xjo(p) = 
F ]Xjo(p) = jo(xp) = jo(px) Thus by faithfulness of the state (fro we conclude that 
px = xp. Hence X = jo(q) where q is a projection smaller then equal to p. Since p 
is a minimal projection in Ao, q = p or q = i.e. X = jo{p) or 0. So jo(p) is also 
a minimal projection. Hence ^4[o is a type-I factor. For the converse statement we 
trace the argument in the reverse direction. Let p be a non-zero projection in Ao and 
claim that there exists a minimal projection q £ Ao so that < q < p. Now since 
jo(p) is a non-zero projection in a type-I factor Ap there exists a non-zero projection 
X which is minimal in A[ so that < X < jo{p)- Now we repeat the argument to 
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conclude that X = jo(q) for some projection q. Since I / and minimal, g ^ 
and minimal in Aq. This completes the proof for type-I case. We will prove now the 
case for Type-II. 

Let A[o be type-II then there exists a finite projection X < F y Once more 
X = F ]XF ] = jo(x) for some projection x G Aq. We claim that x is finite. To 
that end let q be another projection so that q < x and q = uu* and u*u = x. Then 
Mo) < 3o{x) = X and j (q) = jo(u)j (u)* and j (x) = jo(u)*j {u). Since X is 
finite in A[ we conclude that jo(q) = jo{x). By faithfulness of (f>o we conclude that 
q = x, hence x is a finite projection. Since Ao is not type-I, it is type-II. For the 
converse let Ao be type-II. So A[o is either type-II or type-Ill. We will rule out that 
the possibility for type-Ill. Suppose not, i.e. if A\o is type-Ill, for every projection 
p 7^ 0, there exists u £ A\o so that jo(p) = uu* and Fq\ = u*u. In such a case 
jo(p)u = uF j. Set jo{v) = F ]uF ] for some v G Ao- Thus jo(pv) = jo{v). Once 
more by faithfulness of the normal state <j>o, we conclude pv = v. So jo(v) = uF j. 
Hence jo(v*v) = F j. Hence v*v = 1 by faithfulness of (f>o- Since this is true for any 
non-zero projection p in Ao, Ao is type-Ill, which is a contradiction. Now we are left 
to show the statement for type-Ill, which is true since any factor needs to be either 
of these three types. This completes the proof for (a). 

(b) is obvious if iT is /Z. In case iT = M, we use our hypothesis that the map 
(t,x) — > Tt{x) is sequentially jointly continuous with respect to weak* topology. 

For (c) we first recall from [Co] that hyper-finiteness property, being equivalent to 
injective property of von-Neumann algebra, is stable under commutant and countable 
intersection operation when they are acting on a separable Hilbert space. Let Aq 
be hyper-finite and Ho be separable. We will first prove A\o is hyper-finite when 
IT = /Z, i.e. time variable are integers. In such a case for each n > 0, j n being 
injective, j n (Ao)" = {jo 0*0 : % £ ^o}" is a hyper- finite von-Neumann algebra. Thus 
-4[o = {jn(Ao)" ■ n > 0}" is also hyper-finite as they are acting on a separable 
Hilbert space. In case iT = M, for each n > 1 we set von-Neumann sub-algebras 



14 



A/|q C A[o generated by the elements {jt{Ao)" ■ t = < r < n2 n }. Thus each A™ 
is hyper-finite. Since A', Q = flnX)^^)' by weak* continuity of the map t — > T((x), 
we conclude that ^4[ is also hyper-finite being generated by a countable family of 
increasing hyper-finite von-Neumann algebras. 

For the converse we recall for a factor M acting on a Hilbert space H, Tomiyama's 
property ( i.e. there exists a norm one projection E : B(H) —>■ M, see [BR1] page- 
151 for details ) is equivalent to hyper-finite property. For a hyper-finite factor A[q, 
jo(Ao) is a factor in the GNS space identified with the subspace F j. Let E be the 
norm one projection from B(H.[ ) on ^4[ and verify that the completely positive map 
Eq : B(Ho) — > Ao defined by Eq{X) = F ]E(F ]XF ])F ] is a norm one projection 
from B(F Q ]) to Ao. This completes the proof for (b). ■ 

PROPOSITION 4.2: Let (Ao,Tt,(fio) be a dynamical system as in Proposition 
4.1. If A\o is a type-IIi factor which admits a unique normalize faithful normal 
tracial state then the following hold: 

(a) F t] = I for all t G M; 

(b) r = (rt) is a semigroup of *— endomorphisms. 

(c) A[ = jo(Ao). 

PROOF: Let tr$ be the unique normalize faithful normal trace on ^4r . For any fix 
t > we set a normal state (fit on A[q by <fit{x) = tro(at(x)). It is simple to check 
that it is also a faithful normal trace. Since at(I) = I, by uniqueness (fit = tr$. 
In particular tro(F ]) = tro(at(F j) = tro(F t j), by faithful property F t ] = F j for all 
t > 0. Since Fq ] 1 as t — > oo we have F ] = /. Hence F t ] = at(F ]) = / for all t G JR. 
This proves (a). For (b) and (c) we recall that F p t (x)F T l = jo(Tt(x)) for all t > 
and jt : *4o — > *4[* is an injective *— homomorphism. Since i^i = F i = I we have 
j t (x) = F Q ]j t (x)F Q ] = jo{T t (x)). Hence A [0 = jo(A ) and j'o(r t (x)r t (y)) = jo(T t (xy)) 
for all x,j/6 *4o- Now by injective property of jo, we verify (b). This completes the 
proof. ■ 
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We fix a type-IIi factor Ao which admits a unique normalize faithful normal 
tracial state. Since A\$ is a type-II factor whenever Aq is so, we conclude that A[ i s 
a type-IIoo factor whenever Tt is not an endomorphism on a such a type-IIi factor. 
The following proposition says much more. 

PROPOSITION 4.3: Let Aq be a type-IIi factor with a unique normalize normal 
trace and {Aq, Tt, 4>o) be a dynamical system as in Proposition 4.1. Then the following 
hold: 

(a) jo{I) is a finite projection in A[-t for all t > 0. 

(b) For each i > Mt = jo{I)A[- t jo{I) is a type-IIi factor and A^o C A4 S ... C 
Alt C .., i > s > are acting on Hilbert space F ] where A4o = jo (A))- 

PROOF: By Proposition 4.1 A\q is a type-II factor. Thus A[o is either type-IIi or 
type-IIoo. In case it is type-IIi, Proposition 4.2 says that A[-t is jo{Ao), hence the 
statements (a) and (b) are true with Mt = jo (A))- Thus it is good enough if we 
prove (a) and (b) when A\q is indeed a type-IIoo factor. To that end for any fix t > 
we fix a normal faithful trace tr on A\-t an d consider the normal map x — >• jo{x) and 
thus a normal trace trace on Ao defined by x — > ir(jo(^)) for x € ^4.o. It is a normal 
faithful trace on Aq and hence it is a scaler multiple of the unique trace on Aq. Ao 
being a type-IIi factor, jo{I) is a finite projection in A[-t- Now the general theory 
on von-Neumann algebra [Sa] guarantees that Mt is type-IIi factor and inclusion 
follows as A- s ] C ^4_ t j whenever t > s. That jo(^o) = Jo(-0*4[ojo(-0 follows from 
Proposition 4.1. ■ 

We have now one simple but useful result. 
COROLLARY 4.4: Let {Ao,r t ,(f)o) be as in Proposition 4.1. Then one of the 
following statements are false: 

(a) A = B{H) 

(b) Aq is a type-IIi factor. 

PROOF : Suppose both (a) and (b) are true. Let 4>t be the unique normalized trace 
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on Aif As they are acting on the same Hilbert space, we note by uniqueness that fa 
is an extension of 4> s for t > s. Thus there exists a normal extension of (4>t) to weak* 
completion M of {j t>Q M.t ( here we can use Lemma 13 page 131 [Sc] ). However if 
A = B(H), M is equal to B(Hq]). Hq] being an infinite dimensional Hilbert space 
we arrive at a contradiction. ■ 

In case M in Corollary 4.4 is a type-IIi factor, by uniqueness of the tracial 
state we claim that X(t)X(s) = X(t + s) where X(t) = tr(F_ t] ) for all t > 0. The 
claim follows as von-Neumann algebra M is isomorphic with a_ t (.M) which is equal 
to F_ t j MF_ t j. The map t — > X(t) being continuous we get X(t) = exp(Xt) for some 
A < 0. If A = then X(t) = 1 so by faithful property of the trace we get F_ t ] = F ] for 
all t > 0. Hence we conclude that (rj) is a family of endomorphisms by Proposition 
4.2. Now for A < we have tr{F_ t A — > as t — > oo. As F_ t i > |fi >< Q| for all 
t > 0, we draw a contradiction. Thus the weak* completion of Ut>o -^t ^ s a tyP e "Hi 
factor if and only if (r<) is a family of endomorphism. In otherwords if (r<) is not 
a family of endomorphism then the weak* completion of Ut>o M.t is not a type-IIi 
factor and the tracial state though exists on M. is not unique. 

5 Jones index of a quantum dynamical semigroup on 
Hi factor: 

We first recall Jones's index of a sub-factor originated to understand the structure of 
inclusions of von Neumann factors of type Hi. Let N be a sub-factor of a finite factor 
M. M acts naturally as left multiplication on L 2 (M,tr), where tr be the normalize 
normal trace. The projection Eq = [Nco] € N', where u is the unit trace vector i.e. 
tr(x) =< uj,xuj > for x £ M, determines a conditional expectation E{x) = EqxEq 
on N. If the commutant N' is not a finite factor, we define the index [M : N] to 
be infinite. In case N' is also a finite factor, acting on L 2 (M,tr), then the index 
[M : N] of sub- factors is defined as tr(Eo)" 1 , which is the Murray- von Neumann 
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coupling constant [MuN] of N in the standard representation L 2 (M,tr). Clearly 
index is an invariance for the sub-factors. Jones proved [M : N] £ {4 cos 2 (tt/u) : 
n = 3, 4, • • ■} U [4, oo] with all values being realized for some inclusion N C M. 

In this section we continue our investigation in the general framework of section 
4 and study the case when Aq is type-IIi which admits a unique normalize faithful 
normal tracial state and (rt) is not an endomorphism on such a type-IIi factor. By 
Proposition 4.3 A[o is a type-IIoo factor and (Mt ■ t > 0) is a family of increasing 
type-IIi factor where At* = jo(I)A[- t jo(I) f° r an * > 0. Before we prove to discrete 
time dynamics we here briefly discuss continuous case. Thus the map / : (t, s) — > 
[Alt : -M s ], < s < t is an invariance for the Markov semigroup (,4o, n, (f>o). By our 
definition I(t, t) = 1 for all t > and range of values Jones's index also says that the 
map (s,t) — ► I(s,t) is not continuous at (s,s) for all s > 0. Being a discontinuous 
map we also claim the map (s,t) — > I(s,t) is not time homogeneous, i.e. I(s,t) ^ 
1(0, t — s) for some < s < t. If not we could have 1(0, s + t) = 1(0, s)I(s, s + t) = 
1(0, s)I(0,t), i.e. 1(0, t) = exp(Xt) for some A, this leads to a contradiction. The 
non-homogenity suggest that / is far from being simple. We devote rest of the section 
discussing a much simple example in discrete time dynamics. 

To that end we review now Jones's construction [Jo, OhP]. Let Aq be a type- 
IIi factor and cj)Q be the unique normalize normal trace. The algebra Ao acts on 
L 2 (Aq,4>o) by left multiplication ■kq(u)x = yx for x G L 2 (Aq,4>q). Let oj be the 
cyclic and separating trace vector in L 2 (Aq, 4>q). The projection Eq = [Bquj] induces 
a trace preserving conditional expectation r : a — > EqclEq of Aq onto Bq. Thus 
Eq1^q(d)Eq = Eqttq(E(u))Eq for all y E Aq. Let A\ be the von-Neumann algebra 
{ttq(Ao) , Eq}" . Ai is also a type-IIi factor and Aq C A\, where we have identified 
7To(^lo) with Aq- Jones proved that [A± : ^4o] = [Aq : i?o] • Now by repeating this 
canonical method we get an increasing tower of type-IIi factors A\ C yl2... so that 
[^4fc + i : ylfe] = [»4o : ^o] f° r an ^ > 0. Thus the natural question: Is Jones tower 
Aq Q Ai Q ... C Ak--- related with the tower Mq C M\...Mk Q M-k+i defined in 
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Proposition 4.3 associated with the dynamics (Ao,T n ,<f>o)l 

To that end recall the von-Neumann sub-factors Mq C Mi and the induced 
representation of Mi on Hilbert subspace Hr_ 10 i generated by {jo(xo)j-i(x-i)Q : 
xo,x-i G Ao}. f2 is the trace vector for Mo i.e. 4>o(%) =< £l,jo(x)£l >. However 
the vector state given by O is not the trace vector for Mi as Mi / Mo ( If so we 
check by trace property that o (r(x)yr(z)) = 4>{io{x)j-i{y)jo{z)) = <pQ{r{zx)y) for 
any x,y, z £ Ao and so t(zx) = t(z)t(x) for all z,x £ Ao- Hence by Proposition 4.2 
we have M\ = .Mo). Nevertheless M\ being a type-IIi factor there exists a unique 
normalize trace on M\. 

PROPOSITION 5.1: Mi = A 2 and [Mi : M ] = d 2 where d = [Aq : B \. 

PROOF: Let <fii be the unique normalize normal trace on Ai and Hi = L 2 (Ai, (pi). 
We consider the left action iri(x) : y — > xy of Ai on Hi- Thus 7To(.4o) is also acting 
on Hi. Since Eqito{x)Eo = Eoito(t(x))Eo = Eo^o{t{x)), for any element X G Ai, 
EoX = Eqito(x) for some x G Aq. Thus 7ri(£^o) is the projection on the subspace 
{E 7To(x) : x e Ao}- 

For any y £ Ao we set 

(a) k-i(y) on the subspace 7ri(-Eb) by k-i(y)Eoiro(x) = Eoiro(yx) for x G Aq and 
extend it to Hi trivially. That k-i(y) is well defined and an isometry for an isometry 
y follows from the following identities: 

(pi((Eoiro(yz))*EoTTo(yx)) = MMz*y*)E iro(yx)) 
= 4>i(E iTo(yx)iro(z*y*)) by trace property 
= (pi(Eo)<po(^o(yx)iTo(z*y*)) being a trace and (f>i(E Tr (x)) = (/>i(E )(/) (tvo(x)) 

= M E o)MM z *y*)Myx)) = M E o)MM z *x)) 

= M(EoMz)TEoMx)) 

(b) ko{y)x = 7To(y)x for x G Ai- Thus y — > ko(y) is an injective ^representation of 
Aq in L 2 (A,^i)- 
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For y, z G Ao we verify that 
< E TTo(y),k-i(l)ko(x)k- 1 (l)E TT (z) >i=< E Q ir Q (y),E Q Tr (x)E Tr (z) >i 



Thus fc_i(l)fc (x)A;_i(l) = fc_i(T(x)) for all x G A- Note that fc_i(l) = tti{Eq) 
and the identity operator in Hi is a cyclic vector for the von-Neumann algebra 
{ko(x), k-i(x),x G A)}"- We have noted before that the vector f2 need not be 
the tracial vector for Mi and also verify by a direct computation that the space 
{ko(y)k-i(x)l : x, y G „4o} is equal to {yEox : y, x G -4o} which is a proper subspace 



Now we claim that the type-IIi factor Mi is isomorphic to the von-Neumann 
algebra {k-±(x), ko(x), x G Ao)}"- To that end we define an unitary operator from 
L 2 (Ai,(pi) to L 2 (Mi,tri) by taking an element k tl {xi)..k tn {x n ) to jt 1 (ari)..j t „(ar n ), 
where are either or —1. That it is an unitary operator follows by the tracial 
property of the respective states and weak Markov property of the homomorphisms. 
We leave the details and without lose of generality we identify these two weak Markov 
processes. Since fc_i(l) = tti(Eo), we conclude that tti(Ai) C Mi- In fact strict 
inclusion hold unless Bo = Ao. 

However by our construction A\ = 7To(^lo) V Eo is acting on L 2 (Ao,4>o) and 
A2 = iri(Ai) V E\ is acting on L 2 (Ai,4>i) where Ei is the cyclic subspace of 1 
generated by 7ri(7ro(^lo)) i-e. Ei = [7ri(7ro(^lo))l]- From (a) we also have 



=< E TT (y), E tt (t(x))E ito(z) >i 



=< E 7To{y), EoTro(r{x))7ro{z) >1 



of L 2 



k- 1 {y)TT 1 {E )E 1 = m{Eo)k {y)Ei 



(5.1) 



for all y G Ao- 

By Temperley-Lieb relation [Jo] we have tti(Eo)Eitti(Eo) = ^li^o) and thus 
post multiplying (5.1) by 7Ti(£^o) we have 
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So it is clear now that k-\{y) G 7Ti(^4i) V E\ for all y G »4o- Thus 7Ti(.4i) C .Mi C 

We claim also that E\ G .Mi. We will show that any unitary ele- 
ment u commuting with M\ is also commuting with E\. By (5.2) we have 
TTi(Eo)ko(y)(uEiu* — Ei)iri(Eo) = for all y G Ao. By taking adjoint we have 
^{Eq^uEiu* - E^koiy^iiEo) = for all y G Ao- Since Ai = tt {Ao) V 
i?o w e conclude by cylicity of the trace vector that iti(Eq){uEiv* — E\) = 
0. So we have Eitti(Eq)uEiu* = Eitti(Eo)Ei = E\ by Temperley-Lieb rela- 
tion. So u*Eiuiri(Eo) = u*Eitti(Eq)uEiu*u = u*E\u By taking adjoint we get 
tt\{Eq)u* E\u = u*E\u. Since same is true for u*, we conclude that u*E\u = E\ for 
any unitary u G M[. Hence E\ G M\. 

Hence Mi = A 2 - Since [Mi : .Mo] = [.Mi : ^4i][A : Mo] and L4i : ^ ] = [A : 
£>o] = d, we conclude the result. ■ 

THEOREM 5.2: .M m = A 2m for all m > 1. 

PROOF: Proposition 5.1 gives a proof for m = 1. The proof essentially follows the 
same steps as in Proposition 5.1. We use induction method for m > 1. Assume it is 
true for 1, 2, ..m. Now consider the Hilbert space L 2 (A2 m +i, ^2m+i), m > 1 and we 
set homomorphism fco from ^2m into B(L 2 (A2 m +i, ^2m+i)) in the following: 

(a) k (x)y = xy for all y G ^m+i and x G 

(b) 7T2m+i(-E'2m) is the projection on the subspace {E2 m y '■ y G A2m} and /c_i(x) 
defined on the subspace E2 m by 

k-i(x)E 2m y = E 2m xy 

for all x G A 2m and y G A2 m - That /c_i is an homomorphism follows as in Proposition 
5.1. Thus an easy adaptation of Proposition 5.1 says that M = {ko(x), k^i(x) : 
x G A2m}" is a type-IIi factor and proof will be complete once we show that it is 
isomorphic to Mm+i. 
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To that end we check as in Proposition 5.1 that 

k- 1 (E 2m ) = fc-i(J), fe_i(/)fc (x)fe_i(J) = k- 1 (E 2 mxE 2m ) 

for all x £ ^4,2m and k-\(x)E 2m = E2 m ko(x)E2m+i where E 2m+ \ is the cyclic space 
of the trace vector generated by A 2m . Thus following Proposition 5.1 we verify 
now that type-IIi factor M = {ko{x),k-i(I),E 2m+ i,x G A 2m }" is isomorphic to 
M-m+i = {J-i(x),Jo(x) x G A m }", where we used notation J_i(x) = x for all 
x G *4 m , Jo(x) = SJ-\(x)S* for all x G -42m where we have identified A 2m = A4 m 
with {jk(x), —m — 1 < k < —l,x G -4o}" and S is the (right) Markov shift. This 
completes the proof. ■ 
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